Abstract. We propose a recipe -arguably the simplest -to compute the holographic type-B Weyl anomaly for general higher-derivative gravity in asymptotically AdS spacetimes. In 5 and 7 dimensions we identify a suitable basis of curvature invariants that allows to read off easily, without any further computation, the Weyl anomaly coefficients of the dual CFT. We tabulate the contributions from quadratic, cubic and quartic purely algebraic curvature invariants and also from terms involving derivatives of the curvature. We provide few examples, where the anomaly coefficients have been obtained by other means, to illustrate the effectiveness of our prescription.
Introduction
The holographic computation of the Weyl (or trace, or conformal) anomaly [1] was one of the early, and certainly most robust, successes of the AdS/CFT correspondence [2, 3, 4] in the regime described by the classical Einstein gravity and, correspondingly, leading large-N limit of the strongly coupled CFT. The subtleties of the calculational prescription in identifying the boundary metric g that sourced its dual CFT operator, namely the boundary stress-energy tensor, were already examined in the foundational paper [4] where previous mathematical works in conformal geometry [5, 6] proved quite helpful. The concrete holographic computations from 3 to 2, 5 to 4 and 7 to 6 dimensions were fully carried out shortly after in the seminal paper [7] . These findings, in turn, sparked the mathematical interest in the volume asymptotics of the Poincaré metrics of the Fefferman-Graham construction [8] (see also [9, 10] ) and it soon paid back [11, 12] : the integrated volume anomaly pinpointed the Q-curvature of the boundary manifold, a central construct in conformal geometry [13, 14] .
With hindsight, the presence of the four-dimensional Q-curvature in the volume anomaly easily explains the 'accidental' equality a = c (see e.g. [15] ) between the type-A and type-B conformal anomaly coefficients of the holographic duals of five-dimensional bulk Einstein gravity as follows. In the geometric classification of conformal anomalies [16] , the conformal content carried by the Euler density (type-A) is equally captured by the Q-curvature and only the coefficients of the local Weyl-invariant type-B structure get shifted (see e.g. [17] ). In 4D one can trade the Euler density E 4 by the Q-curvature Q 4 (type-A) and maintain the Weyl tensor squared W 2 ≡ W abcd W abcd which is the obvious independent Weyl-invariant local curvature combination (type-B). This change of basis, modulo a trivial total derivative, amounts to the following apparently trivial rewriting (4π)
2 T = −a E 4 + c W
2
(1)
Now, the action for 5D Einstein gravity is just a multiple of the bulk volume and, in consequence, the holographic Weyl anomaly is fully contained in the Q-curvature term. In this case, from the second line of the equation above, one reads off the type-A coefficient a as well as a null coefficient for the (shifted) type-B anomaly c − a = 0. Likewise, for a 6D CFT one can trade the Euler density E 6 by the Q-curvature Q 6 1 (4π) 3 T = −a E 6 + c 1 I 1 + c 2 I 2 + c 3 I 3 (2) = −48a Q 6 + (c 1 − 96a)I 1 + (c 2 − 24a)I 2 + (c 3 + 8a)I 3 with the standard basis for type-B conformal anomaly consisting of the three pointwise Weyl invariants I 1 2 Again, for bulk 7D Einstein gravity the holographic Weyl anomaly is solely given by the Q-curvature and therefore the three type-B coefficients come out with fixed ratios c 1 : c 2 : c 3 = 12 : 3 : −1, as follows from the vanishing of the 'shifted' type-B coefficients. This combination is rather common in supersymmetric 6D CFTs [18] (see also [19] ) and may, eventually, be traced back to the presence of the Q-curvature.
The above observations are also closely related to a salient feature of the holographic Weyl anomaly of asymptotically Einstein gravity with negative cosmological constant, namely that it vanishes on Ricci-flat boundary metrics. This again can be seen to be inherited from the Q-curvature and, what is more, it can be further shown to be 'pure Ricci', i.e. containing only the Ricci tensor and its covariant derivatives. In the explicit results of [7] this is obvious in 2D and 4D, whereas not immediately apparent in 6D nor in the later reported values in 8D [22, 23] 3 . It was then soon realized that in order to have genuine Riemann or, equivalently, Weyl contributions in the holographic trace anomaly one needs to go beyond volume factorization since, otherwise, pure Ricci terms in the bulk Lagrangian of asymptotically Einstein solutions simply renormalize the radius of the AdS vacuum. Indeed, a subleading correction (order N) to the 4D CFT trace anomaly with a = c was obtained from a bulk Riemann-squared term, stemming in turn from type I -heterotic string duality, at the linearized level in the coefficient of this bulk correction to the effective 5D gravitational action [26] . Concurrently, the holographic trace anomaly for the most general 5D quadratic bulk Lagrangian was derived in [27] (see also [28, 29] ) beyond the linearized approximation. In both cases, the coefficients of the type-A and type-B anomaly turned out to be different (a = c) due to the Riemann-squared term in the bulk Lagrangian. Incidentally, this very same curvature square correction was shown [30, 31] to lift the universality of the shear-viscosity to entropy-density ratio, η/s = 1/4π, holographically obtained for Einstein gravity duals [32, 33] .
Significant progress in the computation of holographic Weyl anomalies was attained in subsequent years. It was mainly prompted by considerations of causality and energy flux positivity constraints and the prospects for new bounds on the viscosity to entropy ratio, the role of supersymmetry and, surprisingly, holographic computations of entanglement entropy. The perturbative analysis of [26] was extended in [34] to include six-derivative interactions, whereas the central charges a and c from these 5D curvature-cubed interactions beyond the linearized level were first worked out in [35] for the particular combination appearing in quasi-topological gravity [36, 37] . Now, the standard holographic procedure that reconstructs the first few terms of the Fefferman-Graham expansion in terms of the boundary metric by solving analytically the gravitational equation of motion order by order became increasingly difficult to pursue in higher dimensions or in the presence of highercurvature corrections. Nevertheless, giving up the generality of the boundary metric by restricting to a certain Ansatz for it and resorting to Mathematica to solve the equation of motion order by order, it was possible to identify the holographic type-B anomaly coefficients for 7D Gauss-Bonnet gravity [38] and also for 7D cubic Lovelock gravity [39] 4 . Later on, using the same shortcut route, the type-B anomaly coefficients were computed at the linearized level in the coefficients of the general algebraic quadratic and cubic 7D bulk corrections, as well as of a quartic interaction [42] (see also [18] ). By further restricting the boundary metric Ansatz to the product AdS 2 × S 2 and assuming a truncated Fefferman-Graham expansion, a simpler method was found in 5D [43] (see also [44, 45] ) that correctly reproduced the known values of the CF T 4 central charges a and c. The extension of this method to 7D [46] required two different boundary product metrics AdS 2 × S 4 and AdS 2 × S 2 × S 2 to disentangle the four CF T 6 anomaly coefficients and it succeeded, with the aid of Mathematica to handle algebraic manipulations, in computing the holographic contribution from terms involving derivatives of the curvature as well. Finally, let us mention the work [47] in which a different method, based on expansion around a reference background along the lines of [26] , was used in order to simplify the derivation of the holographic Weyl anomaly. It contains a rather exhaustive list of holographic contributions from higher-derivative 5D and 7D gravities.
In all of the above-mentioned derivations and shortcut routes to the holographic Weyl anomaly, the challenging part is posed solely by the type-B. It is well known that the holographic type-A Weyl anomaly coefficient is captured by the Lagrangian density evaluated at the AdS solution [41] , so that in higher-derivative gravities the only task is to compute the corrected or renormalized AdS radius. By contrast, 4 The type-B coefficients were reported in a simpler form in [40] in terms of the renormalized AdS radius. The type-A coefficient reported there followed from the general recipe [41] .
the holographic type-B Weyl anomaly lacks this universality and, despite efficient recipes and shortcuts, it seems fair to say that its derivation is by far more intricate (let alone the possibility to read it off directly from the Lagrangian).
In the present note we show that, contrary to common expectations, the holographic type-B anomaly coefficients can be read off directly from the bulk Lagrangian density. We first allow a mild deviation from the (Euclidean) AdS solution by considering a Poincaré-Einstein bulk metric with an Einstein metric at the conformal boundary, so that the deviations from the volume factorization are due to interactions involving only contractions of the bulk Weyl tensor and its covariant derivatives which, in turn, can be written explicitly in terms of the boundary Weyl tensor and curvature scalar. It turns out that the restriction to the Einstein condition on the boundary metric does not spoil the independence of the curvature invariants of type-A and type-B trace anomaly, and one can track down their coefficients by looking after the terms logarithmic in the IR-cutoff in the explicit computation of the bulk integrals. We then trade the Euler density by the Q-curvature, since the natural quantity that emerges from the volume anomaly is precisely this pure Ricci combination of curvature invariants, and then identify a suitable basis for the remaining pointwise Weyl invariants that allows to read off their coefficients from the bulk Lagrangian evaluated at the aforementioned Poincaré-Einstein bulk metric.
The organization of this paper is as follows. We start in Sect.2 with the volume regularization for Einstein bulk metrics with an Einstein metric in the conformal class of its conformal infinity. Here we confirm that this restriction correctly reproduces the universal results for type-A and type-B trace anomaly. Section 4 is devoted to the pure Ricci bulk terms that renormalize the radius of AdS. In Sect. 4 we compute the holographic contributions of the pure Weyl bulk terms, and again confirm several scattered results in the literature. The restriction to Poincaré-Einstein bulk metric with an Einstein boundary metric is enough to recover the contributions to the 'shifted' type-B Weyl anomalies. The suitable basis is identified in Sect. 5 and the simple recipe is unveiled and we tabulate the contributions from the relevant curvature invariants. We illustrate the recipe in Sect. 6 for several celebrated examples. Conclusions are drawn in Sect. 7.
Poincaré metrics, volume anomaly and Q-curvature
Let us start by considering Einstein gravity with negative cosmological constant in n + 1 dimensions
The negative cosmological constant can be parametrized in terms of a length L that eventually is related to the radiusL of the Euclidean AdS solution, i.e. hyperbolic space, 2Λ = −n(n − 1)/L 2 . The solutions, of course, are Einstein bulk metrics with L = L and Ricci tensor
As per the AdS/CFT correspondence, one examines asymptotically hyperbolic metrics that can be conveniently written in Fefferman-Graham normal form
where the one-parameter family of metrics g x are to be reconstructed (at least asymptotically) from its boundary value g via the equations of motion. In this way, one meets the Poincaré metrics of the Fefferman-Graham construction and the gravitational action evaluated on these bulk metrics, as a functional of the conformal class [g] of the boundary metric g, becomes the partition function of the boundary CFT. The (integrated) holographic Weyl anomaly can then be found from the logarithmically divergent part of the partition function when an IR cutoff ǫ is introduced.
For Einstein gravity there are two notable exceptions where the Poincaré-Einstein bulk metric can be fully reconstructed from the boundary data g. One is the case of a conformally flat boundary metric [48] with (6) g
in terms of the Schouten tensor P of the boundary metric g. The second instance, that will be our workhorse for explicit computations, occurs when the conformal class of boundary metrics contains an Einstein metric g E in which case the dependence on the radial coordinate x factorizes out
where λ is just a multiple of the (necessarily constant) Ricci scalar R of g E
This is the very same expansion as in the conformally flat case, but with the additional input that the Schouten tensor of the Einstein metric g E is given by P = R 2n(n−1) g E . Let us now evaluate the Einstein-Hilbert action on a putative 6 Poincaré-Einstein solution with Einstein boundary metric (we abbreviate PE/E). Since the Lagrangian density is constant, the bulk volume factorizes out (we decorate1 to stress this fact)
The volume asymptotics can then be explicitly worked out for the PE/E bulk metric
This was noticed in [49] ; however, the authors there remark that this is just a reformulation of a familiar warped product construction of an Einstein metric in n + 1 dimensions from an Einstein metric in n dimensions and refer to [50] . 6 In Einstein gravity this is certainly a solution to the equation of motion, but for higher derivative gravities this solution may only exist asymptotically.
The logarithmic dependence in the cutoff, that we denote L n+1 ln
n/2 n n/2 in the expansion of the radial integrand when n is even, and reads (11) where the boundary integrand is nothing but the Q-curvature of the boundary Einstein metric g E .
The point of this simple exercise was to ascertain that the restriction to the PE/E bulk metric correctly captures the structure of the volume anomaly and unveils the Q-curvature, in accordance with the result for a general (n + 1)−dimensional Poincaré bulk metric as obtained in [11, 12] 
If in particular one considers the round metric on the n-sphere at the boundary, then the bulk metric reduces to that of Euclidean AdS n+1 . Notice that evaluating the action on the AdS vacuum solution still allows access to the type-A anomaly coefficient; this is essentially the content of the universal prescription for type-A holographic Weyl anomaly first introduced in [41] and widely tested and put to work ever since (see e.g. [51] - [62] ). However, due to the conformal flatness of the round sphere, all type-B terms vanish and their coefficients remain undetermined. The Q-curvature of the volume anomaly, in turn, contains the combined information on both type-A and type-B trace anomalies since it is a combination of the Euler density (type-A) and the local Weyl invariants (type-B) as follows from the general solution of the Wess-Zumino consistency condition [63] or, in greater generality, from the decomposition of global conformal invariants [64] . Below we examine in more detail the 5D-to-4D and 7D-to-6D cases.
AdS 5 /CFT 4 : a and c.
Consider the trace anomaly of the 4D CFT
One efficient way to find the two anomaly coefficients a and c is to restrict attention to two particular Einstein spaces (see [58] and references therein 7 ): one conformally (but not Ricci) flat (e.g. the round sphere) and the other Ricci (but not conformally) flat. At the conformally flat metric the Weyl-squared term vanishes and from the non-vanishing Euler density or Q-curvature one obtains a; at the Ricci flat metric, on the contrary, the pure Ricci Q-curvature vanishes and one actually determines c − a from the non-vanishing Weyl-squared term.
Our first key observation is that the full information on a and c can be gained by considering the generic Einstein metric g E : the Q-curvature reduces to a multiple of the Ricci scalar squared, Q 4 = R 2 /24, and the Weyl tensor-squared remains unchanged. Therefore, from our previous holographic computation of the volume anomaly for the 5D PE/E bulk metric that resulted in a coefficient times R 2 , we readily get a and, since the non-vanishing W 2 is absent, it also follows that c−a = 0. Plugging back the overall coefficient we read off the holographic Weyl anomaly (14) (4π)
In the last equality we translated the Planck length (in units of the AdS radius) to the large-N rank of the gauge group of the CFT 4 , using the dictionary of the IIB string (SUGRA)
Comparing with the expression (14), we finally end up with the celebrated result [7] (15)
2.2. AdS 7 /CFT 6 : a, c 1 , c 2 and c 3 .
Consider now the trace anomaly of the 6D CFT
where in the second line we have traded the Euler density by the Q-curvature (modulo a trivial total derivative)
so that the Q-curvature captures the type-A content and we have a 'shifted' type-B trace anomaly. In six dimensions things become more involved and restrictions to a conformally flat and a Ricci flat boundary metric do not allow to determine the four anomaly coefficients 8 , since in that case E 6 = 64 I 1 + 32 I 2 and I 3 = 4 I 1 − I 2 . Even if one considers symmetric Einstein spaces, i.e. with vanishing gradient of the Weyl tensor (∇W = 0) such as
is not possible to disentangle the four anomaly coefficients because, as explained in [66] , an equality satisfied on symmetric Einstein spaces relates different cubic curvature structures to each other so that there are only three independent cubic curvature structures. More precisely, on symmetric 6D Einstein spaces one has 5 I 3 = 32
In view of the above considerations, we keep a generic 6D Einstein boundary metric g E so that the Einstein condition reduces the Q-curvature to a multiple of the Ricci scalar cubed, [67] ) that we omit in what follows. The basis of anomaly invariants is then greatly simplified since the Cotton tensor, the Bach tensor and the traceless part of the Ricci tensor all vanish, and yet the four anomaly terms remain independent. The key observation is then that the outcome of our previous holographic computation of the volume anomaly contains the complete information on both type-A and type-B trace anomaly and allows to determine the four anomaly coefficients. We get the a coefficient in front of the Q-curvature and vanishing 'shifted' type-B anomaly. Plugging back the overall coefficient, together with the fact that the Q-curvature of the Einstein boundary metric g E is Q 6 = R 3 /225, we read off the holographic Weyl anomaly
In the last equality we again invoked the AdS/CFT dictionary to translate the Planck length (in units of the AdS 7 radius) to the large-N rank of the interacting (2,0) superconformal 6D field theory that describes the low energy dynamics of the stack of M 5 branes . Finally, comparing with the expression (17), we obtain the four anomaly coefficients in agreement with [21, 18] 
Higher curvature invariants and volume factorization
Let us now consider the effect of adding higher curvature terms to the gravitational action. We start by considering those that are pure Ricci in the bulk, i.e. not involving explicitly the bulk Weyl tensor. When evaluated on the putative PE/E metric they either vanish, because they contain derivatives of the Ricci tensor or involve the traceless part of it, or simply reduce to a power of the bulk Ricci scalar that can be written in terms of the renormalized AdS radius. The volume then factors out, so that they will only contribute to the volume anomaly, that is, to the Q-curvature term. The task, then, is simply to determine the renormalized AdS radius and the overall proportionality coefficient, since the ratios between the type-A and type-B anomaly coefficients remain the same as those from bulk Einstein gravity
10
. We collect all contributions from pure Ricci bulk terms quadratic, cubic and quartic in the curvature evaluated on the PE/E bulk metric, for whichRic =R n+1ĝ , and for later convenience we normalize their dimensionless coefficients u 2 , u 3 and u 4 as follows
where the bulk Ricci scalar contains the renormalized radiusL of the AdS vacuum solution
L 2 as opposed to the length scale L set by the negative cosmological constant
2 L 2 The renormalized AdS radius can then be determined from the trace of the equation of motion. A useful trick [69, 70] , equivalent of course to extremize the action with respect to the AdS radius [18] , is to perform a constant scaling of the metriĉ
and then take
It is convenient to introduce f ∞ to denote the ratio squared f ∞ ≡ L 2 /L 2 , as in [40] . The trace of the field equation then demands f ∞ to be a positive root of the following polynomial equation
Now we substitute back into the action to eliminate L in favor ofL and f ∞ and factor out the volume
10 This is also related to the fact that all these higher curvature invariants can be absorbed by a suitable (local) field redefinition (see e.g. [71, 34, 30, 31] ).
Therefore, the contribution of the pure bulk Ricci terms to the holographic Weyl anomaly is given by the Q-curvature, as in bulk Einstein gravity. In 5D we therefore obtain
with
Correspondingly, in 7D we obtain
In some applications, when the coefficients of the higher curvature terms are parametrically small, it is enough to consider their effect at leading linear order. It is straightforward to obtain f ∞ at linearized level, keeping only terms linear in the u's, by simply substituting the higher powers of f ∞ by 1 in the polynomial equation
The linearized anomaly coefficients are then obtained by substituting this value of f ∞ and keeping only L and linear terms in the u's coefficients. In 5D, this results in
The above results are in complete agreement with those of [18] and, as expected, the a coefficient also agrees with what predicts the general recipe for type-A [41] . Notwithstanding, we stress that we gained the information on the type-B anomaly as well, all efficiently encoded in the Q-curvature.
Higher curvature invariants and shifted Type-B
Let us now consider curvature invariants in the Lagrangian that cannot be reduced to a factor times the bulk volume when evaluated on the PE/E bulk metric. We first trade the Riemann tensor by the Weyl tensor, a relation that can be succinctly written in terms of the Kulkarni-Nomizu product Riem =Ŵ +P ĝ =Ŵ − 1 2L 2ĝ ĝ Starting with the most general (local) quadratic curvature invariant (four-derivative level) the deviation from volume factorization clearly originates from the square of the bulk Weyl tensor. At the six-derivative level, there are two independent cubic contractions of the bulk Weyl tensor together with two terms involving derivatives of the bulk Weyl tensor. At quartic level, we restrict the discussion to the purely algebraic contractions. Let us examine separately the situations in 5D-to-4D and in 7D-to-6D.
5D-to-4D.
At the four-derivative level, the nontrivial contribution comes from the following bulk term
This is easy to evaluate on the bulk Poincaré-Einstein with Einstein boundary. The warped structure of the bulk metric together with the fact that we have a conformal invariant of weight two, makes it easy to relate it to the corresponding boundary conformal invariantŴ 2 =L
−4 x
The crucial observation is then that a bulkŴ 2 contributes to the shifted 4D type-B trace anomaly W
Here we already start to grasp the possible simplification that bring in the notions of PE/E metric and Q-curvature; but we still have to examine further curvature terms. At the six-derivative level, the cubic curvature invariantŴ PE/E metric one hasŴ
Clearly this term will not produce a logarithmic term and, in consequence, will not contribute to the 4D Weyl anomaly. The same happens with the second independent cubic curvature invariantŴ 3 with the same index contraction as the six-dimensional I 2 , again a conformal invariant of weight three
This can again be easily related to the corresponding boundary invariant I 2 = W 3 . On the bulk 5D PE/E metric,
(1−λ x 2 ) 6 W 3 and therefore
Again, it follows that this term will not produce a logarithmic term and, in consequence, will not contribute to the 4D holographic Weyl anomaly.
By the same token, this will also be the case for any of the seven quartic contractions of the bulk Weyl tensor [73, 74] , that we collectively denote byŴ 4 . They generate no log-term and no contribution to the 4D holographic Weyl anomaly.
The two other possible nontrivial contractions |∇Ŵ | 2 andŴ∇ 2Ŵ are connected by a total derivative (Ĉ 5 in the nomenclature of [21] )
Let us first verify that this total derivative does not contribute to the type-B trace anomaly.
(42)
On the bulk 5D PE/E metric , from its warped structure together with the conformal properties of the Laplacian and of the Weyl squared term, one has
In 5D no log-term will come out from the radial integration
and, in consequence, it will not contribute to the 4D holographic trace anomaly. Lets us now turn to any of the two pieces, say |∇Ŵ | 2 for definiteness (the other one will simply contribute the opposite since the total derivative does not contribute at all) (45)
One way to deal with this terms is to use an identity that relates it to the other invariants via a total derivative (corresponding toĈ 7 in [21] ). On the 5D PE/E metric one has
Therefore, the contribution is the same as the one from
We have now exhausted the list of all non-vanishing independent six-derivative invariants, that is, all terms in the A-basis 11 of [21] . We learn therefore that evaluating on the putative PE/E metric provides an easy way to identify the type-A and the type-B holographic Weyl anomaly of the dual CF T 4 .
7D-to-6D.
In 7D the computations are analogous, though a bit more involved. Let us start with the quadratic Weyl invariantŴ
The log-term comes exclusively from the following part of the above action
Now one has to express the boundary quantity R W 2 in terms of the three type-B Weyl invariants by making use of Bianchi identities and partial integrations . On the boundary 6D Einstein metric g E , modulo a trivial total derivative, ones has
We therefore get the contribution to the trace anomaly
Consider now the cubic Weyl invariantŴ 
It is simply related to the corresponding boundary Weyl tensor contraction W 3 ′ by the conformal scalingŴ
It directly produces a log-term 11 In fact, the B-basis of [21] is more convenient to evaluate on the PE/E metric. The Ricci tensor is then pure trace and there are only six nontrivial terms, namely, B 5 , B 9 , B 10 , B 12 , B 16 and B 17 .
12 Note that on Ricci flat metrics, the vanishing of the LHS of the above relation imposes a linear dependence between the three Weyl invariants, namely I 3 = 4 I 1 − I 2 modulo a trivial total derivative.
and, in consequence, a 6D Weyl anomaly
The same happens with a second independent cubic curvature invariantŴ 3 , this time the index contraction corresponds to that of the six-dimensional I 2 Weyl invariant, (56) (4π)
For any of the seven quartic contractions of the bulk Weyl tensor [73, 74] , that we generically denoteŴ 4 , we have
When evaluated on the bulk PE/E metric one getsŴ
, as corresponds to a conformal invariant of weight four,
so they will clearly produce no log-term and, therefore, they generate no contribution to the 6D holographic Weyl anomaly.
It remains to examine the two other possible contractions |∇Ŵ | 2 andŴ∇ 2Ŵ , connected by a total derivative |∇Ŵ | 2 +Ŵ∇ 2Ŵ = 1 2∇ 2Ŵ 2 . First, let us examine the fate of the total derivative (59)
On the bulk 7D PE/E metric , from its warped structure together with the conformal properties of the Laplacian and of the Weyl squared term, one has
In 7D no log-term other than a trivial total derivative ∇ 2 W 2 will come out from the radial integration
and, in consequence, it will not contribute to the 6D type-B trace anomaly.
To deal with any of the individual bulk terms, say |∇Ŵ | 2 for definiteness,
we use the identity that relates it to the other invariants via a total derivative (Ĉ 7 in [21] ) . On the 7D PE/E metric one has
Therefore, the contribution to the holographic type-B trace anomaly is the same as the one fromŴ
By now, we have exhausted the list of all non-vanishing independent six-derivative invariants, that is, all terms in the A-basis of [21] . Once more we learn that evaluating on the putative PE/E metric provides an easy way to identify the type-A and the type-B holographic Weyl anomaly of the dual CF T 6 , but there is yet a drastic simplification to be achieved before we reach our ultimate recipe as we will see in the next section.
A simple holographic recipe unveiled
Our prescription so far consists in evaluating on the putative PE/E bulk metric, with all pure bulk Ricci curvature invariants contributing to the volume anomaly, i.e. to the Q-curvature term in the holographic Weyl anomaly. We will now add a final refinement and will express the remaining pure Weyl bulk curvature invariants in terms of Weyl invariants of weight two, three and four by making use of Bianchi identities and partial integrations. In this way, certain combinations of derivative terms may be converted into non-derivative terms and viceversa.
5 to 4 dims.
The key observation here is to study a third local Weyl invariant of weight three. We choose, for example, the one found by Fefferman and Graham Φ [5] . On the bulk 5D PE/E metric
Φ 5 is on equal footing as the two cubic Weyl contractions. Making use of its conformal covariance under Weyl scaling together with the warped structure of the PE/E metric, one gets
Remarkably, this shows thatΦ 5 is conformally related to precisely Φ 4 evaluated on the boundary Einstein metric g E (67)
The holographic contribution to the Weyl anomaly from this bulk curvature invariant
can then be read off from the following explicit result
It follows then that in 5D no log-term will turn up and we confirm the previously derived result that |∇Ŵ | 2 contributes just as
2 . However, this information is better encoded in the statement thatΦ 5 does not contribute to the 4D trace anomaly, just as the cubic contractionsŴ 3 ′ andŴ 3 . With this observation, we finally wind up with the following simple recipe to compute the holographic Weyl anomaly from 5D to 4D :
• Evaluate on the putative PE/E metric with renormalized AdS radius.
• Write the cosmological constant in terms of the renormalized radius and collect all pure bulk Ricci terms in a constant times the volume (a coefficient times1).
• Write down the pure bulk Weyl terms (deviations from volume factorization), by means of Bianchi identities and partial integrations, in terms of the Weyl invariant of weight twoŴ 2 , the three Weyl invariants of weight threeŴ • Read off the coefficients of the Q-curvature (type-A) and of the Weyl square (shifted type-B) of the holographic Weyl anomaly. That is, modulo the overall factor in front of the gravitational action, we discover the following simple rule to read off the 4D holographic Weyl anomaly A 4
It is now simply a bookkeeping exercise to determine the contributions from the general quadratic and cubic curvature invariants and from the ones involving derivatives. We tabulate the nontrivial ones below.
Riem Ric
Ric Riem
7 to 6 dims.
The key observation in 7D is to look after a local conformal invariant of weight three, say the Fefferman-Graham invariant Φ. On the bulk PE/E metric we have
Φ 7 is on equal footing as the two cubic Weyl contractions. Making use again of its conformal covariance under Weyl scaling together with the warped structure of the PE/E metric, one gets
and the term into brackets is precisely the 6D invariant Φ 6 evaluated on the boundary Einstein metric g E (74)
The holographic contribution to the Weyl anomaly fromΦ 7 can then be readily obtained from the above result
so that the logarithmic term can be easily identified
and the corresponding contribution to the type-B Weyl anomaly is given by
With this observation, we finally wind up with the following simple recipe to compute the holographic Weyl anomaly from 7D to 6D :
• Write down the pure bulk Weyl terms (deviations from volume factorization), by means of Bianchi identities and partial integrations, in terms of the three Weyl invariants of weight threeŴ 3 ′ ,Ŵ 3 andΦ 7 , and the Weyl invariants of weight fourŴ 4 .
• Read off the coefficients of the Q-curvature (type-A) and of the three Weyl invariants (shifted type-B) of the holographic Weyl anomaly. That is, modulo the overall factor in front of the gravitational action, we discover the following simple rule to read off the 6D holographic Weyl anomaly A 6
We obtain the type-A anomaly coefficient a as well as the three shifted type-
In the second equality we have expressed Φ 6 in terms of the standard basis of Weyl invariants I 1 , I 2 and I 3
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(80)
Again, it is now just a matter of bookkeeping to determine the contributions from the general quadratic and cubic curvature invariants and from the ones involving derivatives. We tabulate the nontrivial ones below.
Curvature invariant1/L For illustration, we put the recipe to work and report several known instances.
General quadratic 5D.
Historically, this was the first instance where a departure form the a = c feature was obtained. Let us consider the most general 5D quadratic Lagrangian
Evaluate on the PE/E metric to get
From the trace of the equation of motions it follows the ratio polynomial equation
Now substitute back in the action to to eliminateΛ and L 2 in favor of f ∞ andL
Finally, read off the holographic trace anomaly (overall factor −(4π)
At the linearized level a changes significantly whereas c − a remains pretty much the same since it was already linear in the coefficient γ
In the above derivation one can realize that contrary to the common lore in holographic computations of Weyl anomalies, the (shifted) type-B holographic Weyl anomaly coefficient c − a is determined almost effortlessly.
Special case: Gauss-Bonnet.
The particular combination of quadratic curvature invariants rendering the GaussBonnet termR 2 − 4Ric 2 +Riem 2 has been extensively studied. This corresponds to α = γ = λ GB /2 and β = −2λ GB in the general quadratic Lagrangian. The renormalized AdS radius follows from the positive root of the quadratic equation
The anomaly coefficients are then given by
In 5D critical gravity the quadratic curvature correction is given by the Weyl tensor squared with a fine-tuned coefficient
The first feature is that since on AdS the Weyl tensor vanishes, there is no correction to the type-A anomaly coefficient andL = L (i.e. f ∞ = 1). The second feature, is that the correction to c − a, with γ = −1/8, is precisely −a so that the type-B anomaly coefficient vanishes Let us include now up to six-derivative invariants in 5D (97) 
We then get for the anomaly coefficients the following Let us close 5D by considering the particular the case of quasi-topological gravity
whereX 4 is the Gauss-Bonnet term
is the purely algebraic cubic invariant (111)
Evaluating on the PE/E bulk metric, with the input from the table where the A-basis for cubic curvature invariants is evaluated, one gets
Now we substitute back in the action to eliminate L in favor ofL and f ∞ and obtain
Our recipe now instructs us how to read off the holographic Weyl anomaly Let us turn now to 7D and include up to six-derivative invariants (117) 
After substituting back in the action to eliminate L in favor ofL and f ∞ , we follow our recipe to read off the type-A anomaly coefficient a = − π For concreteness, let us illustrate how the recipe works in the particular the case of 7D (Lanczos-)Lovelock gravity Evaluating on the 7D PE/E bulk metric, with the input from the table where the A-basis for cubic curvature invariants is evaluated, one gets
Now we substitute back in the action to eliminate L in favor ofL and f ∞ and obtain for the integrand bulk invariants from pure Weyl bulk deviations one is able to read off the holographic type-B Weyl anomaly. The key point is to express the pure Weyl bulk terms in a basis of Weyl invariant bulk terms. Having done that, the natural basis for the CFT trace anomaly is the one where one trades the Euler density by the pure Ricci Q-curvature. The bulk volume naturally 'descends' to the Q-curvature and the bulk Weyl invariants 'descend' to the corresponding Weyl invariants of the type-B Weyl anomaly.
